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Abstract. We consider one-dimensional inhomogeneous parabolic equations 
with higher-order elliptic differential operators subject to periodic boundary 
conditions. In our main result we show that the property of continuous max- 
imal regularity is satisfied in the setting of periodic little-Holder spaces, pro- 
vided the coefficients of the differential operator satisfy minimal regularity 
assumptions. We address parameter-dependent elliptic equations, deriving in- 
vertibility and resolvent bounds which lead to results on generation of analytic 
semigroups. We also demonstrate that the techniques and results of the paper 
hold for elliptic differential operators with operator-valued coefficients, in the 
setting of vector-valued functions. 



0. Introduction 

In this paper we consider the fohowing abstract periodic inhomogeneous equation 

dtu{t,x) +Aix,D)u{t,x) = f{t,x), t>0,x&K. 
u(0,x) = Uo{x), a; e M, 

where A{-, D) := X]fe=o ^k{')D^ is a differential operator of order 2to, with variable 
coefficients 6^ : K. — >■ C. Further, we enforce periodic boundary conditions on the 
problem by assuming the given functions uq, hk, fit, •), for t > 0, fc = 0, . . . , 2m, 
are all 27r-periodic in x G K. Hence, we will be looking for solutions u{t, ■) which 
also exhibit 27r-periodicity on K, for t > 0. We will also consider the more general 
setting of vector-valued functions uq, f{t, ■),u{t, ■) : R ^ E, and operator-valued 
coefficients 6^ : K — ?> ^{E), for an arbitrary Banach space E over C. This more 
general setting is discussed in Section [Bl 

Understanding the nature of solutions (i.e. existence, uniqueness and regular- 
ity) to inhomogeneous equations of this form is integral to the study of abstract 
quasilinear equations. In the quasilinear setting, we see that (jO.ip takes the form 

dtu + k{u,D)u = F(m), 

where the coefficients hk — 6fc(u, w', . . . , and subsequently the differ- 

ential operator A, may depend upon the solution u and its lower order deriva- 
tives u'^^\ j < 2m — 1. Meanwhile, the inhoniogeneity / takes the form F(w) = 
F(u, It', . ■ • , u'-^™^^-'), for some nonlinear mapping F. Several authors have studied 
abstract quasilinear equations, including [TJ [71 [TTl [181 [IHl El- Among the tech- 
niques employed to study quasilinear problems, the notion of maximal regularity 
has proven to be a valuable tool in establishing both qualitative and quantitative 
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results, c.f. [5l|7l[IIl[l5l[T8l[2Ql[2ll[22l[24]. For a specific example of a quasilin- 
ear problem to which our results will apply, we reference the axisymmetric surface 
diffusion flow with periodic boundary conditions, as considered in [10 . In a forth- 
coming article, the results contained herein will be used to establish well-posedness, 
regularity and stability results for the periodic axisymmetric surface diffusion flow, 
a one-dimensional fourth-order quasilinear problem. 

Given an elliptic differential operator with periodic coefficients, it is the goal of 
this paper to show that one can establish (continuous) maximal regularity results 
in the setting of periodic little-Holder spaces. Moreover, we assume only minimal 
regularity conditions on the coefficients bk, lending our results to applications in pe- 
riodic quasilinear problems. In order to establish maximal regularity, we make use 
of a result originally proved by DaPrato and Grisvard |T2| , which gives a construc- 
tion of pairs of function spaces with the property of continuous maximal regularity 
for a given operator, under the assumption that the operator generates a strongly 
continuous analytic semigroup. Hence, we focus first on showing generation of an 
analytic semigroup. 

In fact, our results will show that elliptic operators with periodic coefficients gen- 
erate analytic semigroups in the periodic Holder and little-Holder settings. How- 
ever, we focus on the results in the little-Holder space setting, because we get 
strong continuity of the semigroups generated, due to density of embeddings in 
the little-Holder scale, a necessary condition for applying the results of DaPrato 
and Grisvard. To the best of the author's awareness, the work contained herein 
constitutes the first systematic treatment of semigroup generation in the case of 
variable coefficients for elliptic operators with periodic boundary conditions. A re- 
lated result for constant coefficients in the periodic setting was proved by Escher 
and Matioc [M] , see also [19] , where they considered a specific abstract operator of 
third order, in the periodic little-Holder setting. 

In the process of establishing semigroup generation results, we consider the 
parameter-dependent elliptic equation 

{\- A{-,D))u^ f, AgC, 

for which we show invertibility in the periodic Holder and little-Holder settings, 
provided Re A is sufficiently large. Additionally, we establish parameter-dependent 
estimates on the resolvent of an elliptic operator under minimal regularity assump- 
tions on the cefficients. With invertibility and resolvent estimates, semigroup gen- 
eration follows from a standard result in semigroup theory, [2] and [16]. One will 
note that semigroup generation results are sufficient to derive well-posedness for 
the inhomogeneous problem ()0.1|) by classic semigroup techniques. However, as 
stated above, we focus on establishing maximal regularity results, for which the 
little-Holder setting is desirable. 

The paper is organized as follows. In the first section, we express regularity con- 
ditions for periodic functions on M, exploiting a connection with functions defined 
over the one-dimensional torus T, and establish necessary results regarding these 
spaces. In the second section we state and prove a Marcinkiewicz-type Fourier mul- 
tiplier result, which is a slight generalization of a result in [8]. In the third section 
we prove that a simplified operator —Ab, with highest-order terms and constant 
coefficients, generates a (strongly continuous) analytic semigroup on periodic little- 
Holder spaces. In the fourth section, we extend this result to the principal part 
—Ap, with highest-order terms and variable coefficients, using a partition technique 
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as seen in [U [6] . In the fifth section, we present a generation result for the full op- 
erator, discuss maximal regularity and solutions to the linear problem ()0.1|) . We 
conclude the paper by discussing the case of vector- valued functions and necessary 
modifications to our methods for results to carry over to this setting. 

1. Periodic Functions Over M 

Given a 27r-periodic function / : R — >■ C with some known regularity, we can 
restrict / to an interval of periodicity (the interval [— 7r,7r], for instance) and the 
full function can still be recovered, i.e. the restricted function / := /[[-tt.tt] can 
be extended periodically to all of R and this extension will coincide exactly with 
/. Reversing this process, we want to start with a function / : [— tt, tt] — >■ C and 
prescribe minimal conditions on / so that the periodic extension exhibits desired 
regularity on R. In this section, we characterize several regularity classes for peri- 
odic functions with respect to their properties on the interval [— 7r,7r]. 

Let T := [— tt, tt], where the points tt and — tt are identified; we denote this point 
by {vr, — tt}. Endow T with the metric topology r generated by the metric 

c/t : T X T — !• R dT{x,y) := \x — y\ A {2tt — \x — y\), where a A 6 := min{a, 6}. 

(For computational purposes, we follow the convention {tt, — tt} = tt so that 
df{x, {tt, —tt}) — |x — 7r| A {2tt — |x — vrj) and {tt, — vr} > x for all x E T.) Notice 
that (T, r) is a topological group which is isomorphic to the quotient group R/27rZ 
endowed with the quotient topology. We see, moreover, that T is a complete, 
compact, metric space and we denote open balls of T by 

Bt(x, e) := {y e T : dT{x, y) < e} e > 0, a; G T. 

We will demonstrate how using this metric gives intrinsic regularity conditions for 
functions defined on T, which can be naturally extended periodically to R. 

1.1. Regularity on T. Given a function / : T — ^ C, we define its periodic exten- 
sion 

f{x) :^ f{x-2TTk) for x e [7r(2fc - 1), 7r(2fc -t- 1)], k e Z. 

Denote by the periodic extension operator taking / defined on T to / defined 
on R. One can immediately see that (f> is bijective from to (C"^)^^^, the space 
of 27r-periodic functions on R. Now, we define spaces of regular periodic functions 
over R into which we want to map. 

Denote by Cper(R) and C^^rW the spaces of 27r-periodic functions over R which 
are continuous and fc-times continuously differentiable, respectively, for k € Nq :— 
NU {0}; we take Cpg^(M) = Cper(R) by convention. Each is a closed subspace of 
the corresponding non-periodic spaces and are Banach spaces when equipped with 
the following norms 

k 

ll/llc(K):=sup|/(x)|, ||/||cH«) :=Ell/*''llc(«)- (1-1) 

Moreover, for a E (0, 1) and k e No, we define the space of Holder continuous 
functions C^+"(R) to be those functions / e C^g^(R) such that 

|/'»k.:=sup l/'"M-/'-'(.)l ,^. 

x,yeR \x-yr 
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We call [■]a,R the a-Holder seminorm over M and one can see that Cp+"(M) is a 
Banach space with the norm 

ll/llc^+^W :=ll/llcMK) + [/^'^]":K- (1-2) 

For simplicity of notation, given 9 e M+ , we define C^e^(M) := ci,tl^^''\R), where 
[9\ denotes the largest integer not exceeding 9 and {9} := 9 — [9\. 

With the periodic spaces over M established we define the spaces over T as follows. 
For 9 eR+ let 

C^(T) :={/eC^:0(/)eC«,,(M)} with H/Uc'-m ll^l/)!!^^- (1-3) 

It follows immediately that C^(T) is a Banach space and is a linear isometric 
isomorphism from C^(T) to C^er(K). Further, if 61 > 1 and / g ^(T), we define 

the derivative /' G by /' := rHHfY) = (i^f) It ■ 

It is interesting to note that continuity, differentiability and Holder continuity can 
all be defined intrinsically on T, making use of an ordered adaptation of the metric 
c^T, such that 4> remains a linear isomorphism. Intrinsic definitions of regularity 
provide a different perspective for functions over the periodic domain T and setting 
for regularity independent of periodic extensions. Although the connection between 
functions over T and periodic functions over R has been used widely in the literature 
(c.f. [nj[TH[23]), little attention has been paid to the local conditions and geometry 
on T, which are important to the partition argument that we use in Section 
We will state some of the results regarding this intrinsic viewpoint that will be 
of use later in the paper, in particular we state equivalent definitions for (Holder) 
continuity over T and an application of the Mean Value theorem. For simplicity of 
notation, we denote by d^{-,-) the quantity dT{-,-)°'. 

Proposition 1.1. Let f e C^, then 

a) / G C(T) if and only if f is continuous in the metric topology t. 

b) for a € (0, 1), / e C"(T) if and only if [/]„,t := sup ^^^fj^^^^^ < oo. 

Moreover, [f]a,T = [f]a,R in this case. 

c) iff€C\T) andx,y&T, then \ f {x) - f {y)\ < ||/'||c(T)rfT(x, y). 

Proof, a) Follows from direct computation. 

b) First, assume / G C"(T) and let x,y G T such that x y, without loss of 
generality assume x < y (recalling the convention the {vr, — tt} > x for all a; G T). 
By definition of the metric dT, we see that dT{x,y) is either equal to jx — or 
I (a; + 2tt) — y\. Now, we examine both cases 

I,, \fix)~fiy)\ LMn/M^rfi 

• if djix, y)^\x~yl then — — ^ — = — ■ — < [/]„,m, 



if d'f{x,y) = \{x + 27r) — y\, then, by periodicity of /, 
\f{^)~f{y)\ \f{x)-f{y)\ |/> + 27r)-/(y)| 



{x,y) \{x + 2^)-y\^ \{x + 2^) 



< [fU 



Hence, [f]a,T < [/]a,R < oo. Conversely, assume that [f]a,T < oo and consider 
x,y gR, x < y. Here we consider the following three cases 
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• if |a; — y| < tt and there exists fc G Z so that x,y E [7r(2fc — 1), 7r(2fc + 1)]. 
Then we have (a: — 27rfc), {y — 27rfc) e T, \x — y\ — dT{{x — 27rfc), (y — 27rfc)) 



and 



l/>) - /(y)l ~ 2^A;) - f{y - 27rfc)| 



< [/]a,T. 



d?((x-2^fc),(y-2^fc)) 

• if |a; — yl < TT and there exists fc € Z so that a; G [7r(2fc — 1), 7r(2fc + 1)] and 
y G (7r(2fc + l),7r(2fc + 3)]. Then we have that {x - 27rfc), (y - 27r(fc + 1)) G 
T, \x-y\^ driix - 27rfc), (y - 27r(fc + 1))) and 

\m-fiy)\ ^ |/(x-27rfc)-/(y-27r(fc + l))| ^ 

|x-yh d?((a;-2^fc),(y-2^(fc + l))) " ^^^"'^^ 

• if |a; — y| > tt, then we can find ^ G Z so that + 27rZ) — y| < tt. Then we 
have, taking advantage of the periodicity of / and the fact that jx — y| > 
|(a; + 2ttI) - y\, that 



f{y)\ ^ \fix + 27Tl) 



m\ 



<[f]c 



\x-yr \{x + 2Trl)-y\ 

where the last inequahty follows from the previous two cases. 
Therefore, we can see that [/]q._r < [f]a,T < oo, so / G C"(T) and the claim follows. 
Moreover, we see that [/]q,t = [/]q,b- 

c) Fix / G C^(T), x,y £ T and assume, without loss of generality, that x < y. 
As before, it follows that df{x,y) equals either |a; — y| or |(a; + 27r) — y|. We consider 
these two cases separately and see that the claim holds; 



if dT(x,2/) = |a; - y\, then |/(a;) - f{y)\ = \ f[y) 

^ ll/'llc(T)C^T(a;,y)- 

2^) - y|, then \f{x 
/'||c(E)|(2: + 27r)-y| 



< \\f\\cm\y - x\ 

if dT{x,y) = \{x 

X + 2TT 

f'{t)dt 

y 



< 



f{y)\ = \f{x + 

f'\\c{T)dT{x,y). 



f{t)dt 

2^) - Ky)\ 



□ 



Finally, we define the so-called little-Holder spaces over M and T. We discuss 
equivalent characterizations and results on little-Holder spaces, important for max- 
imal regularity and generation of analytic semigroups. For 9 G M+ \ Z define the 
periodic little-Holder spaces over R as 



/ G c^Am ■■ i™ 



sup 

x,yeR 
0<|a:-y|<a 



I TO 



= 



Then, hi 



per V 



is a closed subspace of Cpg^(]R) and likewise a Banach space with 



the inherited norm || • defined by (|1.2[) . Moreover, it follows that the little- 

Holder spaces are, in fact, Banach algebras, in both the periodic and non-periodic 
settings. Now, we define h'^{T) := {/ G C : </)(/) G /ipe^(M)}, for 6* G K+ \ Z. 
Following ProDOsition ll.il one easily verifies that an equivalent definition is 



f G CiT) : lim 



sup 

x,yeT 
0<dT(x,y)<S 



4^^ [x, y) 



> . 



(1.4) 
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Little-Holder spaces have been studied by several authors in context with analytic 
semigroups and maximal regularity, c.f. [HI [TH [151 125 • The proposition that 
follows demonstrates two properties of little-Holder spaces which make them a 
natural choice for maximal regularity results. Before we state these results, we 
make a couple of comments on notation. 

If E and F are Banach spaces, we say that E is continuously embedded in 
F, denoted E ^ F, ii there exists a continuous injective operator i : E F. 

Moreover, we say E is densely embedded in F, denoted E ^ F, if i{E) C F is 
dense. Further, let :— (•, O^.oo denote the continuous interpolation functor 

of Da Prato and Grisvard, with exponent r] G (0, 1), see [31 for reference. The 
following proposition is the periodic analog of well-known results on little-Holder 
spaces over M, c.f. [2D] . 

Proposition 1.2. 

a) For 61 e M+ \ Z and a e {0,oo], h^{T) is the closure o/C""(T) in 

{C%T),\\ ■ ||c«(T))- Hence, h" (T) ^ h'^ (T) for a e {6,00) \Z. 

b) For 61,62 eR+\Z with 62>6i, it follows that 
{h''^{T),h'>^{T)),, = h'^S2+{i-v)ei (j-^^ provided (776*2 + {1 - ri)6j_) ^ Z. 

Remarks on Proof: a) The proof of this statement is identical to the non-periodic 
case and can be found in Lunardi, [20] Proposition 0.2.1]. We remark that the 
approximating functions from C°°(R) established in Lunardi's proof, which are 
convolutions with smooth approximations of the identity, are in C^^(M) in the 
periodic case. This fact follows from a property of convolutions involving periodic 
functions. Namely, given a function ip and a 27r-periodic function / such that the 
convolution f * ip is well-defined, then the convolution is periodic, as 

(f * ip){x + 2tt) = / f{{x + 2TT)-y)ip{y)dy= / f{x-y)ip{y)dy^{f*ip){x). 

b) The proof of this statement is identical to the non-periodic case, as demon- 
strated in [201 Theorem 1.2.17]. Again, this method applies to the periodic case 
because we consider convolutions of smoothing kernels ipt with periodic functions 
/ over R. Hence, the resulting convolutions are contained in C^,.(M). □ 

1.2. Periodic Besov Spaces. In order to state the Fourier multiplier theorem 
upon which our generation results heavily rely, we must first introduce the scale of 
Sobolev and Besov spaces. We present here a definition of periodic Besov spaces 
with respect to dyadic- type decompositions, similar to the development in [S], for 
more details on these spaces, and equivalent definitions, see Triebel and Schmeisser 
m Section 3.5]. 

Following the notation of Arendt and Bu [9], let I?(T) denote the space C°°(T) 
equipped with the locally convex topology generated by the family of semi-norms 
•= II II c(T), for k £ No. We define the space of periodic distributions 
T>'{T) := (r>(T))*, the set of all bounded linear functionals on I?(T), and we equip 
I?'(T) with the weak-star topology over 2?(T). Now we will investigate how the 
Fourier transform interacts with these spaces. 

Denote by the function [x ^ e'''-'] : T ^ C, then £ X>(T) for fc e Z. 
For T £ 2?'(T), we define the Fourier coefficients T{k) := (T, e_fc), where (•, •) : 
V'iT) X ViT) — 7> C is the duality pairing. Notice that every test function £ ViT) 
can be identified with the induced distribution £ V'iT) defined by {T^,ip) '■— 
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J^^ ip{x)ip{x)dx, ip £ 2?(T). Then the Fourier coefficients of coincide with 
the usual Fourier coefficients for ip G I'(T), namely 

1 



Lp{x)e 



-ikx 



dx. 



'27r J-TT 

When no confusion is likely, we will denote by ip both the function and its in- 
duced distribution. Moreover, by [13l Theorem 12.5.3], we have the Fourier series 
representation 

/ = ^ /(fc)efe for / e ^'(T) (convergence in ^'(T)). 

fcgZ 

To define Besov spaces over T, let 5(M) be the Schwartz space on R and 5'(M) 
the space of tempered distributions on M. Further, let $(]R) denote the collection 
of all systems {ipj)j(zi% C satisfying the properties: 

• supp^o C [-2,2], supp(^, C [-2^"+i,-2^-i] U [2i-\2^+\ j > 1, 



1, 



X e 



^^1 



<Ci. 



• V? € No, 3C( > so that sup 2'^||<^;. 

Now, let 1 < p, g < oo, s e R be fixed parameters and ip — (pj) £ $(R). For 
/ £ I?'(T), j £ No, the series '^k^j^'^j{k)f{k)ek has only finitely many nonzero 
terms, by compactness of the support of Lpj (we refer to finite series of this form as 
trigonometric polynomials), and it follows that X^feez ^ ip(T). The 
norm on Lp(^) is given by 

^ [ \g{x)\Pdx) ' l<p<oo, 
esssup |g(a;)| p = oo. 



Now we define the periodic Besov space 



^ipj{k)J{k)ek 



f £ V'{T 

P/ jGNo 

Then i?p'^(T) is a Banach space when equipped with the norm 



(1.5) 



E 



V]{k)f{k)ek 



sup 

i6No 



fcGZ 



(Pj{k)f{k)ek 



for q < oo, 



for q — oo. 



(1.6) 



Although the definition of a periodic Besov space depends explicitly upon the 
choice of system £ ^(R), it can be shown that (i?p'^(T), || • ||s=-^) is equivalent to 
{B^lf{T),\\-\\gs.^), for two systems (p,^lj £ $(R), c.f.'[23l Theorem 3.5.1 (i)]. Hence, 
we drop reference to particular systems ip £ "I>(M) and simply refer to Besov spaces 
parametrized by 1 < p, g < oo and s G R. See [S] IH [9l [23] for more information on 
Besov spaces and their properties. We mention one property that comes up in the 
sequel, c.f. O Theorem 3.1 (ii)] or [23l Theorem 3.5.4 (i)]. 
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Proposition 1.3. For s G M+ \ Z, it holds that -B^,oo(T) = C"(T). 



2. A Fourier Multiplier Theorem 

The Fourier multiplier result that we will need is a slight modification of the 
result [9^, Theorem 4.5 (ii)], which gives sufficient conditions on the symbol of a 
Fourier multiplier so that the associated operator is continuous from ^{T) to 
itself. We modify the result to get sufficient conditions for continuity from i3p^(T) 
to i?pg(T) for distinct values of r and s. The modification we apply is the same 
technique used by B.V. Matioc [19] in altering the result [Qj Theorem 4.5 (i)]. 

For 1 < p < oo, we define the Sobolev space W^{T) := {/ e Lp(T) : /' e ip(T)} 
with the norm \\f\\w} ll/llp + ll/'llp- 

Theorem 2.1. Let r, s G M+ and 1 < p,q < oo. Suppose that {Mkjke'L d C is a 
sequence such that 



si := sup Ifcr-'^IMfcl < oo, 
fcez\{o} 

S2:= sup |fcr-^+i 
fcez\{o} 



\M, 



'J-k+l 



Mk\ < oo. 



(2.1) 



Then the Fourier multiplier with symbol {Mk)kez is a continuous mapping from 
Bp^^iT) to Bp g(T), namely 



T 



\ .f{k)ek 



fcez 



Mkf{k)ek 



ec{B;^^{T),B;jT)) 



The proof of this result relies upon the following Lemma, which is a simple 
version of Lemma 4.4]. Here we only consider C-valued functions over R, so 
that the spaces involved are of Fourier type 2 and the statement is simplified as 
follows. 



Lemma 2.2. Let 1 < p < oo and let m £ Cc 



Then 



^m{k)f{k)ek 



<C,r,2{m)\\Y,f{k)ek\\p 

kez 



(2.2) 



holds whenever f G Lp{T) is a trigonometric polynomial, where Cp is a constant 
depending only on p, and r]2{m) := inf{||rn(a-)||;yi : a > 0}. 

Proof of Theorem \2.1\ We provide the proof here for the reader's convenience and 
reference |9] Theorem 4.5(ii)] and [1^1 Theorem 2.2.1]. Fix {Mk)kez C C satisfying 
(|2.ip and parameters s, r G M, 1 < p, g < oo and ip :— {'^j}j>o & $(M). We follow 
the same method as Arendt and Bu, with modifications to account for the (possibly 
nonzero) difference \r — s|, which is zero in the case considered in '9^. To see that 
T is a bounded operator from Bp g{T) to i?p^(T) as stated, it will suffice to show 
that there exists some constant C > such that the bound 



^(2('-^)U4)^,(fc)/(fc)efc 



feez 



< C 



^ipj{k)f{k)ek 



kei 



ELLIPTIC OPERATORS AND MAXIMAL REGULARITY 



9 



holds uniformly for / G (T) and j > 



(2('^-^)^A4)^,(fc)/(fc)efc 



< C 



To demonstrate this bound, we define an appropriate sequence of compactly sup- 
ported continuous functions and take advantage of Lemma 12.21 

For j > 1, define : R ^- C by mj{x) = if |x| > 2^+"^ or |a;| < 2^'"^, mj{k) = 
2('^-'')JMfc for fc e Z with 2^-1 < |fc| < 2^+^, and mj is affine on [k,k + 1] for all 
fc g Z. We define mo in a similar manner, where mo(a;) = if \x\ > 2, mQ{k) = Mk 
for —1 < \k\ < 1, and niQ is affine on every interval [fc, fc + 1], fc S Z. 

Now, one can see that rrij £ Cc(M) n J^i^(R) and, by compactness of supp ipj, 
'^k£Z^j(k)f{k)ek is a trigonometric polynomial, for > 0. Hence, we can apply 
Lemma [221 to see that, for j > 1, the following bounds hold. 



^(2('-^)^"Mfe)^,(fc)/(fc)efc 



E 

23-i<|fc|<2J + i 



mj{k)ipj{k)f{k)ek 



Y.Vj{k)f{k) 



Y,vAk)f{k) 



efe 



Hence, it suffices to show that { 1 1 rrij (2-' • ) 1 1 } j> i is uniformly bounded. From direct 
computation, one can see that this bound follows from the property supp rrij C [j,4:] 
and the bounds 

sup|mj(2%)|< sup 2('^-'''^|Mfe| < sup f ^^tt^ < 2'''~'''si, 

2J-i<|fc|<2J + i 2J-i<|fc|<23 + i 



sup 2('-"+i)^|Mp+i -Mpl < sup 

2J-i<|p|<2J + i 2J-i<|p|<2J + i 



\kr 

2(r-s+l)j 



S2 



< 2l''-«+i| 



S2- 



Then, the W2^(T) norms can be bounded explicitly, for all j > 0, and it follows that 
the operator norm of T, as a bounded linear operator from i3p ^(T) to Bp^(T), can 
be bounded in terms of the constants si and S2 alone. □ 

3. ELLIPTICITY AND GENERATION OF ANALYTIC SEMIGROUPS 

Having established a setting within which we will look for solutions to the in- 
homogeneous Cauchy problem (|0.ip in Section [1] we turn our attention back to 
the differential operator A = A{-,D). First, we define ellipticity conditions on a 
differential operator of order 2m and then we demonstrate our first result regarding 
generation of analytic semigroups on periodic little-Holder spaces. 

Denote hy D := i-^ the elementary differential operator over T and let m G N be 
an arbitrary positive integer. Now, fix a collection {bk : fc = 0, . . . , 2m} C /i"(T) of 
coefficient functions and consider the differential operator A, acting on ft,^'"+"(T), 
defined by 

2m 2m 

Au{x) := A{x,D)u{x) :=^bk{x) {D^u){x) ^^i^ hk{x) u^^^\x), xeT. 

k=0 k=0 

By the embedding property Proposition 1 1 . 2f a) and the fact that /i"(T) is a Banach 
algebra, it follows immediately that A maps /i^'"+"(T) into h°'{T). Now, denote 
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by aA : T x M — > C the principal symbol of A, defined by (tA{x,^) b2m{x)^'^™ . 
Then we say that is a uniformly elliptic operator on T if there exists a constant 
ci > such that 

Re{aA{x,£,)) > ci for all x e T, |C| = 1. (3.1) 

In case b2m is simply a M-valued function, we see that uniform ellipticity is equiv- 
alent to the condition b2m{x) > ci for all x E T. Meanwhile, when 62m takes 
values in C \ K, uniform ellipticity is equivalent to the more general condition 
62m (T) C {z G C : Re 2; > ci}. Also notice, by assumption we have 62m continuous 
on T, so that there always exists some constant C2 > for which ||52m||c(T) ^ ^2. 

Following the notation of Amann [5] , given Banach spaces Eq and Ei with Ei 
Eq, we denote by 'H(£'i,£'o) the collection of ^ g C{Ei,Eq) such that —A is the 
infinitesimal generator of an analytic semigroup on Eq, with domain D(A) = Ei. 
Moreover, given parameters k > 1, w > 0, we denote by H{Ei, Eq, k,uj) the set of 
linear operators A : Ei Eq, closed in Eq, such that lu + A E Cisom{Ei, Eq) and 

^ Jrf4^ ^ xeE,\{0},ReX>u. 

\X\\\x\\o + \\x\\i 

Then, it follows, ci. ^ Theorem 1.2.2], that 'H{Ei,Eo) = |J HiEi, Eq, k,uj). 

K>1 

uj>0 

Theorem 3.1. Let to e N, a G M-|_\Z and consider the differential operator At ■= 
jjjj'^rn yrjj^fi constant coefficient b E C. If At is uniformly elliptic, with constant 
Ci > 0, and C2 > ci > is chosen so that \b\ < C2, then —At generates a (strongly 
continuous) analytic semigroup on /i"(T) with domain /i^™+"(T). Moreover, for 
any io > 0, there exists n — k{uj, Ci, C2, m) such that 

Ab e H(/i2"+",/i",k(w,Ci,C2,to),w). 

The method for proving this theorem is inspired by an argument presented by 
Escher and Matioc in [Tl], where they demonstrated that a particular third order 
operator, associated with Stokesian Hele-Shaw flow, generates an analytic semi- 
group on periodic little-Holder spaces. Before we present the proof, we need to 
state a result which helps establish a connection between little-Holder spaces and 
Fourier multiplier results, stated earlier in the scale of Besov spaces. First, if we 
can apply Theorem 12. II for the case p = q = 00, then the identification in Proposi- 
tion [TT3] gives results on C*(T) which we then need to connect with the little- Holder 
spaces h^{T). 

Lemma 3.2. Suppose T G £(C'=+"(T), C'+"(T)) such that 

r(C''^+"(T)) C C'+''(T), for k, I e No, a € WL+ \ Z and r > a. Then T G 
C[h^+°'{T),h^+°'{T)). 

Proof. This result is a straight forward consequence of the dense embedding 

C'+'"(T) ^ /i'+"(T), c.f. Proposition ll.2f a). we present the proof here for the 
readers convenience. First, notice that for T G £(C'=+"(T), C'+"(T)), it follows that 
T G /;(/i'=+"(T),C"+"(T)). Hence, it sufRces to show that r(/i'=+"(T)) c /i'+"(T). 
Let / G /i'=+"(T) and we can find C C'=+''(T) such that ^ / in || • \\ci^+c. 
Then Tfj Tf in || • by T G £(C"=+"(T), C"+"(T)), and Tf^ G C"+''(T) for 

j G N, by assumption. Therefore, we have Tf G C"+''(T)"'"'^''^° = ft.'+"(T) and the 
lemma is proved. □ 
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Proof of Theorem \3.1\ Fix a G M+ \ Z, cj > and 6 G C as indicated, in particular 
we assume that 6 S E (ci, C2) := {z G C : Re 2 > ci} n {2 G C : |z| < C2}. First, we 
realize the operator —Ah as a Fourier multiplier. Since 



feez 



feez 



we see that —^6 is associated with the multiplier symbol {Mk)k 
Claim 1: (A + A) G A.om(/i^"+"(T), /i"(T)) /or i?eA > uj, i.e. 



p{-Ab) D {A G C : ReX > uj}. 

Moreover, the set {\\{X + Ab)^^\\c{h'=',h^"^+'') ■ -ReA > uj} is uniformly bounded by 
some Ml = Mi(a;, ci, C2, m) < 00. 

First notice that (A + A) e £{0'^"'+'' (T) , C {T)) is a natural consequence of 
the embedding C^'"+'^(T) ^ C"^(T), for arbitrary cr G M+. In particular, we see 
that 

ll(A + A)/||c" < |A|||/||c" + \b\ < (da) |A| +C2)||/||c-+^, 

where c{a) > is the embedding constant, i.e. H/llc < c{a) \\f\\(j2m+„ for all 
/ G C^'"+'^(T). Now, we focus on showing continuous invertibility of the operator 
(A + A)- We will demonstrate invertibility in the classic Holder spaces, then apply 
Lemma [5T^ to get the stated result. 

We use TheoremOand the identification B'^ ,^{T) = ^"(T), for cr G M+\Z. In 

particular, let ReA > a; and consider the symbol (M/j(A) ) := ( ^ , },,.>^ ] , which 



we will show satisfies (|2.ip . with r = 2m 
have. 



|fc|'"|Mfe(A)| 



lA + bk^ 



< 



a and s = a. Then r — s = 2m and we 
1 



Re6fc2 



< 



Sl 



sup 

fcez\{o} 



Re 6 
1 



for fc G Z \ {0} 



and 



\k\ 



2m+l 



|Mfe+i(A) -Mfe(A)| = |fc| 



2m+l 



|Mfc(A)| < - < 00, 

Cl 



1 



1 



|fc| 



X + b{k + 1)2™ 

2m 2m 



A + 



U2m| 



< 



|A + 6(fc + 1)2™| |A + 6/fc2™| 

|fc|2"' |6| |(fc + l) 

|A + 5(fc + l)2™| Re6 



|fc|2m-l 



If k 



-1, then this last term is equal -^1^ which is majorized by ^. For all other 



/c G Z \ {0}, we eliminate dependence on A, as in claim 1, so that we have 

Mfe+i(A)-A4(A)| 

/ |;(.|2m 



S2 sup |fcr-^+i 
feez\{o} 



< 



1 C2 

— V — — 

UJ [ciY 



sup 

feGZ\{-l} 



2m-l 
'Y|2m 5Z 

' i=o 



2m 
j 



\k\ 



j-2m+l 



< 00. 
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Hence, by Theorem Owe have R{X) G £(B;_^(T), B;+2™(T)) for any l<p,q<oo 
and r e R+, where i?(A) is the operator associated with the symbol (Mk{X) 



k 

Taking p = g = oo and r = cr, we see R{X) G £(C""(T), C2"+'^(T)). Meanwhile, it 
holds that 

i?(A)(A + A)/ = / and (A + Ab)R{X)g = g, for / € C2"+'^(T), .g e C"^(T), 
which demonstrates that -R(A) = (A + Ab)^^ and 

(A + A) G Asom(C2"'+''(T),C"'(T)) for Re A > w, cr e M+ \ Z. (3.2) 

Now, it is clear that Claim 1 follows from Lemma 13.21 

Meanwhile, for any Re A > w, notice that si, S2 and so, by Theorem l2.1[ the oper- 
ator norm \\{X+Ab)^^\\c{h'',h^'"+'') can be bounded by terms depending only on the 
constants uj, ci, C2 and m. In particular, there exists some Mi = Mi{lu, ci, C2, m) < 
oo such that || {X+Ab)~^\\c{h'',h^'"+'') ^ Mi for all Re A > w and for all 6 S S (ci, C2). 
Claim 2: A(A + Ab)^^ G £(/i"(T)) for ReX > a;, and there is an upper bound 
M2 = M2{uJ, ci, C2, to) < 00 for the set {\X\\\{X + Ab)^^\\c{h''{T)) ■ ReX> uj}. 

Fix ReA > w and notice that the operator A(A + Ab)^^ has the associated 
multiplier symbol (^ x+bk'^"^ ) ■ established in Claim 1 that (X + Ab)^^ is a well- 
defined operator mapping /i"(T) into /i2™+"(T). Now, by the embedding property. 
Theorem II. 2f a), we can also consider the mapping properties of (A + Ab)~^ as an 
operator from /i" (T) into itself. Again, we make use of Lemma 13.21 and Theorem 
12.11 where now we are taking r — s = a and p ~ q ~ 00. Moreover, we show that 
si and S2 can be bounded independent of Re A > cj. 

Notice that we can find d = '&{ci,C2) & (0, f ) such that S(ci,C2) :— {z e C : 
Rez > ci} n {z e C : \z\ < 02} C S^) -.^ {z e C : |argz| < ■&}. Moreover, there 
exists a constant C{-d) such that |A -f z| > \X\/C{-d) for aU z e S^IJ {0}, Re A > 0, 
since "d < ^. In particular, we have 

™P I, J^L„i <CW for ah ReA>L.. 
kez\{o} \X + bk^"^ 

Now, considering S2, we have the bound 

|A| |A| 



\k\ 



X + b{k + 1)2" A + 6fc2'» 

|A| |6||(fc + l)2m_fc2m| 

^ |A + 6(fc + 1)2™| \X + bk^"^\ |fc|2™-i 

fc2™ |6|((fc-t- 1)2™ - pm) 



< C(l9) 



Re6fc2" |fc|2'^ 



Cl 

for fc e Z\{0}. Hence, 




again uniformly in Re A >a;. Now we see that A(A + A)"^ G /:(C""(T), C2'"+'^(T)) 
holds by application of Theorem 12.11 for X > uj, a E M+ \ Z. Hence, the claim 
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holds by Lemma 13.21 and we fix a constant M2 ~ Mi{iLi^c\,C2Trri) < 00 such, that 
II (A + A)""^||£(/i") < M2/IAI holds uniformly for Re A > w and 6 eS (ci,C2). 

By claims 1 and 2, we see that —Ah satisfies the conditions necessary to generate 
an analytic semigroup, see Amann 2, Theorem 1.2.2] for instance. Moreover, if we 
choose K = K(ci,C2,a;) > 2(Mi V M'2) V (l V C2) it holds that 



-\ ^ + A)/||/i°(T) f ^ ■,2m+a. 



^ Tiimi I f ^ ^ ^ h'"'^'^{T) \ {0}, Re A > 0.. 

Hence, we see that A G 'H(/i"(T), /i2'"+"(T), k, w), as claimed. 

□ 



4. PARTITION AND GENERATION RESULT 

Now that we have generation results for the operator with constant coefficients, 
we can extend these results to variable coefficients through the following partition 
and perturbation argument. Here we consider the operator 

Ap -.^ Ap{-,D) ■.^b{-)D^"', for feeC^, (4.1) 

and we assume that Ap satisfies the conditions of uniform ellipticity p.l[) . We will 
show that, under minimal regularity assumptions on the coefficient function 6, Ap 
generates an analytic semigroup on h°'{T) with domain /i^™+"(T). 

For the following localization argument, we make use of the fact that T is isomor- 
phic to the (additive) quotient group M/27rZ. In particular, for a; € T, we consider 
the associated coset [x] G R/27rZ, [x] := {x + 2Tik : k G Z}. Note that the element 
a: G T is the unique member of the coset [x] contained in the interval [— tt, tt]; except 
in the notable case x = {tt,— tt}, where the points tt and — tt are both members 
of the coset [tt] and they are identified in T. Moreover, for a; G T we sec that the 
inverse element —[a;] G ]R/27rZ corresponds to —x G T. Then, for z G T, define the 
translation operator Tz{y) := y — z, where ?/ — z G T is the unique element in T 
associated with the coset [y] — [z] G R/27rZ. Note that the metric dj is invariant 
under translations on T, i.e. d']!:{Tz{x),Tz{y)) ~ d'f{x,y) for any x,y,z T. 

4.1. Localized Coefficient. We begin by localizing the function b to open sets of 
the form Mf{z,e), for z G T and e G (0, i). We define cut-off functions and 'local 
retractions' which work together to accomplish this goal. For the cut-off functions, 
choose X G C^{T) such that 

suppX C (—1, 1) and -^l[-i i] = 1- 

Then, define := X o - the cut-off function centered at z G T - and notice 
that X^ G C^{T) with supp(X2) C Mj{z, 1) for every z G T. 

For our 'local retractions' we define : [—1, 1] — > [—£,£], for e G (0, i), as 

{X if a; G [— £, e], 
e if.TG(£, 1], (4.2) 
-£ if X G [-1, -£). 

Then, for z G T arbitrary, we define Vz^e '■— T-z ° fe ° ^2, the local retraction 
centered at z, which maps the closed neighborhood Bt(z, 1) to Bt(z,£). 
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Proposition 4.1. For e G (0, is Lipschitz continuous from [—1, 1] to [—£,£], 

with Lipschitz constant 1. Consequently, r^.e is Lipschitz continuous (with respect 
to the metric df) from Bt(2:, 1) to Bx(2:,£) for all z eT, e E (0, i). 

Proof. By considering cases for points x,y E T, the first claim is easily verified. 
Furthermore, notice that dT{x, y) — \x — y\ for x,y E [—1, 1], so that is Lipschitz 
in the metric dj on [—1, 1]. Then the second claim follows from invariance of the 
metric dj under translations Tz, for z eT. □ 

Now, given a function 6 G C'"', we combine these 'local retractions' and 'cut-off' 
functions to define the functions 

5. I^^(^) ° - ^ ^ «-(^' . G T, e G (0, 1), 

I otherwise, 

which essentially compare the local behavior of b against a fixed value b{z). Be- 
fore we make use of these 'localized coefficients', we establish the following results 
regarding their regularity. 

Lemma 4.2. Let b E h"{T) for a E (0, 1). Then the following results hold: 

a) &z,e G h"{T) for e E (0, i), zeT, 

b) lim sup ||&z.e||/ia = 0. 

Proof. First notice, since b E ft."(T), it follows from the intrinsic characterization 
of little-Holder spaces (|1.4|) that for e E (0, ^), there exists C{e) > such that 

^MbLMiz.e) = C{e) ^ ase^O+. (4.3) 

Now, let z G T be a fixed sample point and e E (0, i). To see that bz.e has the 
necessary regularity, we make use of Proposition ILlf c) and Proposition 14.11 In 
particular, let x,y E T and consider the following cases: 

• x,y E M^{z, 1): Then r^,^{x), r^^^iu) e Bt(2, e) and 

\b.Ax) - b,,M\ = \X.{x){b(r,Ax)) - b(z)) - xM{HrzAy)) - Hz))\ 

< \X,{x)\\b{r,,,{x)) - b{r,,M)\ + \X^(x) - XAy)\\b{r,Ay)) - b{z)\ 

< {\\Xz\\c{T)dTir,Ax),r,,Ay)) + \\X'J\ciT) dT{x,y) d^ir.^y), z)j[b]^-^^^^^.^ 

< [wx^Wcm + Wx'Alcm 4""(:^,y) ^")[bLMi.,,)dnx,y) (4.4) 

• xeMt{z,1), yE T\Bt(z,1): Then X^iy) =0 and 

\b.A^) - b,M = \bzA^)\ = \X,{x){b{r,A^)) - b{z))\ 

< \Xz{x)-XM\ d^{rzA^),z) [6]„j(z,,) 

< \\K\\c(j) d'f{x,y) e°- 



< 



(||X;||c(T) 4""(x,2/) £") d^{x,y) (4.5) 
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Together with the trivial case x,y E T\ Mt{z, 1) - where Xz{x) — Xz{y) = - this 
is enough to see that bz^e G C"(T) with the a- Holder norm of bz.e bounded as 



[bz,eUj < (llX.llc(T) +e" tt'-" WX'zWcm) [b] 



B(z,e) 



Furthermore, we can see that ||6z,e||c(T) < II-'^zIIc(t) [b]aB{z e) ®° ^^^^ ^^'^ 
norm oi bz.e is bounded as 

\\bzjc^ < ((l + e")|lX,|lc(T)+e"^'-"ll^;ilc(T))[&Ls(,,,). (4.6) 
Hence, by the property ()4.3p and the inequalities (|4.4p and (|4.5p . we see that 

,■ \bz,e{x) - bz,e{y)\ „ 

lim sup — r = 0, 

<5->o+ x,yeT a^{x,y) 

0<d-r(x,y)<S 

which demonstrates bz.e G h"{T) as claimed in (a). Now the second claim follows 
from g31) and (|46)) . 

□ 

4.2. Partition and Generation Result. For e e (0, |), let n{e) := [^] , where 
\a\ denotes the smallest integer n such that n > a, a e K. Now, let {xe.j ■ 
j — 1, . . . ,n,{e)} C T be a collection of sample points from T so that Xe^i = — tt 
and Xej = + e, j = 2, . . . ,n(e). Further, define := {'BY{xe.j,e) : j — 

1, . . . , n{e)}, which is a finite open cover for T, and let H^ :— {T^e j} C C°°(T) be a 
resolution of unity subordinate to 51^. In particular, H^ is a collection of infinitely 
differentiable functions such that 

n{e) 

supp(7rej) C MY{xe,j,e), j = l,...,n(e), and ^7r^j-(a;) = 1, x £T. 

Now we are prepared to prove the following result, which is a generalization of 
Theorem 13.11 to the case of non-constant coefficients. The method of the proof is 
motivated by results in [H [6] . 

Lemma 4.3. Let m G N, a € \ Z and consider the differential operator Ap := 
Ap{-,D) := b(-) D'^'"^ with coefficient b G /i"(T). If Ap is uniformly elliptic, then 
—Ap generates a (strongly continuous) analytic semigroup on /i"(T) with domain 
/j2m+a(T). i.e. e -H(/i2"+"(T),/i"(T)). 

Proof. Fix u > and b E h°'{T). By assumption, there exist constants ci and C2, 
with C2 > ci > such that 6(T) C {z e C : Re z > a} n {z € C : \z\ < ca}. 

(i) First we demonstrate that it suffices to prove the result for a e (0,1). Suppose 
that the claim holds for a € (0, 1) and let /3 := a + 1. In particular, we assume 
b € hf^{T) and Ap = b{-)D^''^ e •H(/i2™+"(T), /i"(T)). It follows that {X + Ap) : 
j^2m+a ^'jp j _^ f^a ^ij-j invcrtible for Re A > a; and we have the resolvent estimates 

\\{X + Ap)-^c{h''M-^+'')<fi, |A|||(A + ^p)-i||£(^o) < At, (4.7) 

for Re A > w, for some w > and some k > 1. Now, fix A G C with ReA > w 
and consider / S h^{T). Then / G h"(T), by Proposition ll.2r a). and we define 
w := (A + Ap)-^f e h'^"'+°'{T). Then u satisfies the equation (A + Ap)u = f and, 
differentiating this equation, we see that 

{X + Ap)u'^f'-b'u^^"'\ 
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where, a priori, we know that u' E h?'" ^+"(T). However, notice that 

g /i"(T) and fe'w^^™) e /i"(T), since /i"(T) is a Banach algebra, so that 
u' = {\ + Ap)-^{}' - G /i2'n+"(T). Hence, we see that u e h^'^+^iT) and 



2m+l 

||u|U2™ + ,(T) - ^ Ih^'^^llcm + ["''"'+'Ma.T = ||w'|j,.2™+„(T) + ||u||c(T) 

< '«(II/'IU°(T) + (1 V ||fe'||,,»(T))||M|U2„+„(T)) 
<«(ll/'lk»(T)+«(lV||&'||„.(T))|l/|U=(T)) 

< K{K,b){\\f'\\ciT) + [f'Uj + II/I|C(T) + [fUj) 

< K{K,b){{l + ^l-")||/'||c(T) + ||/||C(T) + [/']a.T) < /^||/||h^(T)- 

So that \\{X+Ap)^^\\c{hf>ji^rm+fi-j < iCforReA > ui. Meanwhile, in a similar fashion, 
we see that 

|-^lll"ll/i'3(T) = |A|(||u||c(T) + l|w'llc(T) + [u']a,T) < K\\f\\hl^(T), 

holds for Re A > w. Hence, it follows that |A|||(A + Ap)^^\\c(hi^) < K for ReA > a; 
and so the claim holds ioT /S — a + 1. Then, we extend the result to any (3 > 1, 
/? ^ Z, by induction on a. 

(ii) Now, we demonstrate the claim for a € (0, 1). By uniform ellipcticity of Ap, 
it follows from Theorem 13.11 that there exists some constant k = k{uj,ci,C2) > 1 
such that Apixo) := b{xQ)D^"' G H{h^"'+°'{T),h°'{T), k,uj) for any fixed xq G T. 
Now, fix 77 so that < rj < 1/k. By Lemma l4.2r b). there exists £q > with 
associated sampling set {xj} :— {xegj} and partition Q, := 0.^^ = {B>f{xj,eo)}, 
j — 1, . . . ,n :— n(eo), such that 

sup \\bj\\h<> < rj, where bj:=b^.,^^. (4.8) 

j=l,...,n 

Moreover, by Lemma l4^ a) and the fact that ft,"(T) is a Banach Algebra, the oper- 
ator b,{-)D^^ is in £(/i2™+"(T),/i"(T)) with ||foj(-)-D""ll£(/>='"+=,/.= ) < \\b,\\h^, for 
j = 1, . . . , n. Hence, by [H Theorem 1.3.1(i)] and (|4.8p we can see that perturba- 
tions of Ap{xj) remain in the class 7^, namely 

In particular, this implies that {A G C : ReA > w} C p{--Aj) and the resolvent 
estimates 



iAiii(A+A-ri|i£(,.)< — 

\\{X + Aj)-^\\c(k''M-^+-) < Y 



(4-9) 



hold uniformly for Re X > uj and j = 1, . . . , n. 

Let H := Hg^ = {tt^} be a resolution of unity subordinate to fl, where we also 
insist that ||7rj||;iQ, ||7r_,||;j2m+c, < M uniformly in j, for some M = M(eo) > 1. Now, 
define the composite little-Holder spaces 

{h''{T)r := {(/j)jeN e {h%T)) : /, = for j > n} , a G K+ \ Z. 
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Then, it is easy to see that {h°'{T))"' is a Banach space, with the norm topology 
inherited from £°° {h°'{T)). Moreover, we have the following retraction and core- 
traction 

n 

R : {h^T)r ^ h^iV where R ((/,),) := ^ n,f, (4.10) 

i?"^ : h^iT) (h^iT))'' where R^ (u) := (tTju)^- . (4.11) 

With finiteness of the partition D, and the properties of the resolution of unity H, 
we easily see that R e £ ((;i'"(T))", /i'"(T)) and R^ G £ (/i'"(T), (;i'"(T))") with 
i? o R'-^ — idf^a(j) and 

ll-R||£((h<'(T))",h<'(T)) < nM, ||-R'^||£(h<'(T),(/i-(T))") <M, ere {a, 2to + a}. 

(4.12) 

We will make use of R and i?*-^ together with the spaces (/i'^(T))" to construct 
a left and right inverse for (A + Ap), for Re A > cjq > sufficiently large. Toward 
this goal, we define the following operators: 

• A : (/i2™+"(T))" ^ (/i"(T))" defined by K{fj)j := (ytj/j)j. Then A e 
£ ((;i2™+a(Tr))" , (/,a(T))") with IIAII < sup \\A,\\cih^..^^M^y 

j=l,...,n 

• := T^jAj — AjTTj = [7rj,ytp] the commutator of iTj and Ap, j — 1, . . . ,n. 
The second expression for Bj follows from the fact that 

supp(7rj) C BT(a;j,eo) and hj{x) = h{x) — b(xj) for x € BT(a;j,£o), so that 
Ap and Aj coincide on supp(7rj). Moreover, the highest order terms are 
eliminated in Bj so that we have Bj £ C (/i(2™-i)+"(T), /i"(T)) with \\Bj\\ < 
C(m) II 7rj|U2,„+„ < C(m)M. 

• B : /i^^™- !)+"(![) ^ (/i"(T))" defined by Bf := (Bjf)^. Then 
Be C (/i(2m-i)+a(']r), (/i"(T))") with 

||6|| < sup ||i?,||£(^(„„_i,+„ < C{m)M. 

n 

• V : (/i(2™-i)+"(']r))" /i"(T) defined by 2?(/j)j ^Bj/j. Then 

i=i 

2? G /:((/i(2™-i)+"(T))",/i"(T)) with ||X>|| < nC(m)M. 

• Cj^kW '■— Bj o TTfe o (A + Ak)^^, j,k = 1, . . . , n. Re A > uj. We easily see 
that Cj^k e £(/i"(T)). Moreover, since Bj maps /i(2™-i)+"(T) to /i"(T) we 
can consider the mapping {X + Ak)~^ from /i"(T) to h'-^"'-'^^+'^{T). In this 
way, we take advantage of the interpolation result for little-Holder spaces. 
Proposition 1 1 . 2r b') . in conjunction with the resolvent estimates (|4.9p on Ak, 
to see that 

ll(A + A)-^||£(,.,M--i,+.) < ||(A + A)-^|li7,'/',™„.„)||(^ 




(4.13) 



Here, we take advantage of the fact that the continuous interpolation method 
used in Propostion ll.2f b) is exact. Hence, the Cj^k operator norms are 
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bounded as 

\\C,,k\\c(h-ij))<~cC{m)M^\\\-^'^'^ j,fc = l,...,n, ReA>c.. (4.14) 

. C(A) : (/j"(T))" ^ (;i"(T))" defined C(/,), |^S,f^^^fc(A + A)"Vfe^ , 

for ReA > u. Notice that suppTTfc C BT(a;fc,eo) and supp-Bj C BT(a;j,eo) for 
j, fc = 1, . . . , n, so Cj,fc(A) = for 1 < |j - fc| < n - 1. Hence, by (|4.14p . we 
can choose cji > large enough to ensure that ||C(A)||£((;iQ(T)')n') < 1/2 for 
Re A > wi . 

Claim 1: For ReX > wi, (X + A + BR) : (/i2™+"(T))" ^ (/i"(T))" is invertible 

ana L(A) :=i?(A + A + Si?)"^i?^ is a left inverse for (A + Ap). 

From the definition and discussion of C(A) above, we can choose uji > uj large 
enough so that ||C(A)||£((;iq(t))") < 1/2 for ReA > wi. Hence, by the Neumann 
series, we see that {id(ha{T))^ +C(A)) is invertible on (/i"(T))" for ReA > wi and 

\\{^d^h^mr+^W)''\\cah-m^) < 2- Now, for any e (/i2™+"(T))", ReA > 
oJi, we have 

n n 

BR{f,)j ^b{Y. ^^f^) = E ^^^^) ■ 

k=l k=l •' 




Bj J2 ^k{X + Ak)-\X + Ak)fk) = C(A)((A + Aj)fj) 



^ (A + A+BR){f,), = (A + A)(/,), + C(A)((A + A,)f,)^ 

= (id(,,.(T)).+C(A))(A + A)(/,),. 

Hence, invertibility of (A + A + BR) follows from invertibility of (j(i(^a(T))" + C(A)) 
and invertibility of (A + A), both of which hold if Re A > wi > w. Furthermore, we 
see that (A + A + BR)-^ = (A + A)-^{id^h-^T))r^ + C{X))-^, Re A > wi. 
Now, we apply (|4.9p to see that 

ll(A + A)-i|U((,.(,)).)<(^) \X\-\ 

and so, with (|4.12l) . we get the bound 

||L(A)||£(,.) - WRiX + A + BRr'R'^W < (j^) nM^lM''- (4-15) 

Finally, to see that L{X) is indeed a left inverse for (A + Ap), when Re A > wi. 
Let u G /i2'"+"(T) and ttj e H, then we see that 

TTj^X + Ap)u = (A + Aj)TTjU + BjU (A + Aj)TTjU + B-jRR^U. 

Hence, it follows, by exhibiting all components for j = 1, . . . , n, that 

R^{X + Ap)u= [X + A + BR)R^u and so L{X){X + Ap) = id^^^+c^jy 

Claim 2: {X + A~R^V) : {h^''^+"'{T))'^ ^ {h"{T))'' is invertible for ReX > uj2 > 
ui with LU2 sufficiently large. Moreover, R{X) := i? (A + A — R^D) ^ R^ is a right 
inverse for (A + Ap) and L(X) — R{X) = (A + Ap)^^ . 



ELLIPTIC OPERATORS AND MAXIMAL REGULARITY 



19 



We make use of the same observations that led to the invertibihty of (X+A + BR) 
in the previous claim. Notice that 

(X + A-R'^'V) ^ {idi^h-mr - R'^'D{X + A)-'^){X + A), ReA >a;, 

so it suffices to show that {id(^h"(T))" + R'"'D{X + A)^^) is invertible in £((/i"(T))"), 
for Re A sufficiently large. However, this follows by the Neumann series, taking into 
account the fact that V € /:((/i(2™-i)+"(T))", /i"(T)), so that (HT^ implies 

||i?'^I?(A + A)-i||£((„.(T))") < 2nC(m)A/2|Ari/2'". 

Hence, we can choose W2 > w large enough that ||i?'-^2?(A + A)^^||£((;iq(t))") < 1/2 
for ReA > 102, which implies invertibihty of (A + A — R'~^'D). Furthermore, to see 
that i?(A) is a right inverse for {X + Ap), let {fj)j e (/i2™+"(T))" and notice that 

n n 

(A + Ap)R{fj), = ^(A + Ap)^,f, = J2 i^ji^ + A)/.- - B,f,) 

n n 

= R{X + A)(/,), - RR^V{f,), = i?(A + A - R^V){f,), . 

Hence, (A + Ap)R{X) = jd;ja(T) and R{X) is a right inverse for (A + Ap). 

Finally, let ujq = uji V uj2, so that L(A) and R{X) are both defined for ReA > wq. 
Then L(A)/ = L(A) [(A + ^p)i?(A)] / = [L(A)(A + ^p)]i?(A)/ = R{X)f, for / e 
/i"(T). Hence, (A + ^p) is invertible for ReA > and Ap G -H(/i2™+"(T), /i"(T)) 
follows from the resolvent estimate (|4.15l) . 

□ 

With this generation result for the principal operator Ap established, we return 
to the full elliptic operator A. Making use of perturbation results for generators of 
analytic semigroups, we prove that -A generates an analytic semigroup in the scale 
of little-Holder spaces. 



Theorem 4.4. Let m G N, a G R+\Z, bk G h°'{T), for fc = 0, . . . , 2m, and suppose 
the operator A := A{-, D) := J^k^o ^k{')D^ is uniformly elliptic. Then 

Aen{h^"'+°'{T),h"{r)). 

Proof. By Lemma [4.31 and [U Theorem 1.1.2.2] we can find w > and k > 1 such 
that Ap -.^Api-^D) 62m(-)^^'" G H(/i2™+"(T), /i"(T), k, w). Now, fix 77 so that 
< ?7 < 1/k and consider the operator Bi := Bi{-,D) := h2m-i{ )D'^™'~^ ■ For 
any / G h'^"^^°'{T), we make use of the interpolation inequality, c.f. [5] Proposition 
1.2.2.1], and Young's inequality to see that 

l|Sl/||h=(T) < ||&2m-l||/i°(T) ||/^™""^||h°(T) < ||&2m-l||/i°(T) || / lU^™- 1+= (T) 

< c||52™-l|U=(T) (l!/li^»(T) li/ll,J"+ = (T)) 

< c||&2m-l|U=(T) (e||/|U2™+ = (T) +££^^2'" |1/|U-(T)), 

where the last inequality holds for arbitrary e > 0. Now, if we choose £ > such 
that £ :— c£||62m-i|Ua(T) < ?7, it follows from Theorem 1.3.1(ii)] that 

2m+a.npx ,a/^p^ ^ ,, x/ CCg^'^"' 1 1 ^ 2m- 1 1 1 (T) ^ 
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Now the theorem foUows by repeating this argument for the remaining lower-order 
terms of the operator A. □ 



Remark 4.5. Notice that the resuhs of Theorem 14.41 also hold in the setting of 
classic Holder spaces C"^(T), though one must still take coefficients from the little- 
Holder spaces to preserve smallness of localized coefficients, c.f. Lemma l4?2T b') . One 
notable difference when considering these analogous results in the classic Holder 
setting is that the semigroups generated are no longer strongly continuous, due to 
a lack of dense embeddings in this setting. For the methods leading to maximal 
regularity that follow, strong continuity of semigroups is necessary, so the results 
in the little-Holder setting are required for our purposes. 

5. Maximal Regularity and The Inhomogeneous Problem 
Now we return to the task of finding solutions to the inhomogeneous problem 

jdtu{t,x)+A{x,D)u{t,x) = fit,x), t>0,xeR 
]u{0,x) — uo{x), a; e M, 



(5.1) 



Given an interval J :— [0,T] and J :— J \ {0}, we say that u : [t i-^ u{t,-)] is a 
classical solution to (15.11) if 



u e c\ j, c(T)) n c( J, c2'"(T)) n c(j, c(T)), 

and u satisfies (|5.1I) . Following results of DaPrato, Grisvard and Angenent, we will 
show how the analytic semigroup generation result of Theorem l4.4l leads to existence 
and uniqueness of solutions to (15. ip . with maximal regularity of solutions. We 
begin by defining function spaces which define the temporal regularity of solutions 
(i.e. mapping the interval J into the little- Holder spaces), then we define a class 
of maximal regularity and use properties of maximal regularity to demonstrate 
existence and uniqueness of solutions. 

5.1. Function Spaces and Maximal Regularity. Addressing temporal regular- 
ity of solutions, let fj. G (0, 1], J := [0,T], for some T > 0, and let £' be a Banach 
space. Following the notation of [11], we define spaces of functions defined on 
J := J\ {0} with prescribed singularity at 0. Namely, define 

BUCi-f,{J,E) := |u e C{j,E) : [t ^ f-^'u{t)] e BUC{j,E) and 

lim ti^^||u(t)|U = ol, /ie(0,l) (5-2) 
t->-o+ J 

\\u\\c,_^ :==supii-^||u(t)|U, 
te.J 

where BU C denotes the space consisting of bounded, uniformly continuous func- 
tions. It is easy to verify that BUCi-^{J, E) is a Banach space when equipped 
with the norm || • Hci-^,- Moreover, we define the subspace 

BUCl^^{J,E) := {u G C\j,E) : u,u e BUCi^f,{J, E)^ , ^G (0,1) 

and we set 

BUCo{J, E) BUC{J, E) BUCl{J, E) BUC\j, E). 
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Now, fix /i e (0, 1] and consider the spaces 

Eo(J) SC/Ci_^(J,/i"(T)), aeK+\Z 
Ei(J) BUCl_^{J,h''{T)) n BC/Ci_^(J,/i2™+"(T)), 
where Ei(J) is a Banach space with the norm 

||u|iEi(j) := supti-^(||u(t)||,,c + ||u(t)||,,2„+„). 

It follows that the trace operator 7 : Ei(J) — ft,"(T), defined by 7W := u(0), is 
well-defined and we denote by 7E1 the image of 7 in ft,"(T), which is a Banach 
space when equipped with the norm 

ll/II^Ei := inf |||f;||Ei(,/) : v G Ei(J) and7W = /|. 

By [21 Theorem III. 2. 3.1] and Proposition 1 1 . 2r b) we see that 

7E1 = (/i"(T), /i2™+"(T))^ = ;i2'"M+"(Tr)^ ^ £ (0, 1) 

7E1 /i2™+"(T) ^ = 1, 

where (•, •),, denotes the continuous interpolation functor of DaPrato and Grisvard, 
c.f. [H [5^, and the interpolation space characterization holds when 2m/i + a ^ Z 
(up to equivalent norms). 

For B e /:(/i2'"+«(T),/i"(T)), closed on /i°(T), we say that (Eo(J),Ei(J)) is a 
'pair of (continuous) maximal regularity for B if 

(^^ + S, 7^ e /:,,o„(Ei(J),Eo(J) X 7E1), 

/U S (0, 1], a e IR+ \ Z and J — [0,T] for some T > 0. In particular, we see that 
(Eo(J), Ei(J)) is a pair of maximal regularity for B if and only if for every (/, uq) € 
Eo(J) X7E1, there exists a unique solution u € Ei(J) to the inhomogeneous Cauchy 
problem with operator B. 

5.2. MsLximal Regularity and Generation of Analytic Semigroups. Our 

goal is to show that (Eo( J), Ei (J)) is a pair of maximal regularity for A for arbitrary 
a E M+ \ Z and J = [0, T], given minimal regularity assumptions on the coefficients 
bk- In particular, fix m € N and coefficients bk € h°'{T), k = 0, . . . , 2m such 
that A := A{-,D) :— J2k<2m^k{-)D'' satisfies the uniform ellipticity conditions 
(|3.ip . The tool we are going to use to prove this maximal regularity result is the 
following theorem of DaPrato, Grisvard and Angenent, which was originally proved 
by DaPrato and Grisvard [12] in the case = 1 and then generalized to /i S (0, 1) 
by Angenent [7]. 

Theorem 5.1 (DaPrato-Grisvard- Angenent). Fix rj e (0, 1), G (0, 1] and J := 

[0, T] for T > 0. Suppose that {Eq, Ei) is a pair of densely embedded Banach spaces 
and consider an operator A G 'H{Ei,Eq). Now, set 

E2 ■■= E2{A) := (L)(A^),|| • II2) equipped with the norm \\ ■ ||2 := \\A - ||i + || • ||i, 
Ejj := {Ea,Ei),-i, Ei+,j :— Ei+,j{A) :— (E'l, £'2(A))^, 

Ajj := the maximal E^i -realization of A. 

It follows that 

(E^(J),Ei+„(J)) := (^BUCi-f,{J,E^),BUCl^^iJ,Er,) n BC/Ci_^( J, £;i+„)) , 
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is a pair of maximal regularity for Arj . 

It is also a well-known result that A.^ e H{Ei^jj, E,^), c.f. [2,i Section III. 3. 2]. 

Due to the continuous interpolation spaces constructed in the theorem, we see 
that we cannot directly derive maximal regularity results for A in /i"(T). In par- 
ticular, when applying Theorem 15.11 the derived maximal regularity results are 
necessarily in a little-Holder space with slightly larger exponent than where we as- 
sume analytic semigroup generation results. Moreover, it is in general quite difficult 
to characterize the operator-dependent space E2{A), which is in turn dependent 
upon the regularity conditions imposed on the coefficients bk- However, we are 
able to take advantage of flexibility in Theorem 14. 4[ with respect to the regularity 
exponents, in order to work around these difficulties and prove the following result. 

Theorem 5.2. Fix a e M.+ \ Z, m e N, n E (0, 1] and J = [0,T], for T > 
arbitrary. Suppose the operator A := A{-,D) = J2k<2m^k{')E>'^ , with coefficients 
bk €E h°'{T) is uniformly elliptic, as in p.ip . Then 

(^^ + A 7) e Asom(IEl(J),Eo(J) X 7E1). 

In particular, given any pair {f,uo) G BUCi-fj_{J,h"{T)) x 7E1, there exists a 
unique solution u G BUCl_^{J,h'^{T)) D B[/Ci_p( J, /i2™+"(T)) to the mhomoge- 
neous Cauchy problem (jS.ip on J. 

Proof Fix ^ e K+ \ Z such that ^ < a < 2to /3 and fix r/ := then 
we see that 77 e (0,1) and 2mri + (3 — a. A is trivially realized as an operator 
from /i2™+/5(T) to /i^(T) by Proposition [HHa) , so that, by Theorem SH we know 
A e -H(/i2™+/5(T),/i^(T)). Now we construct the spaces E2,Er, and Ei+^j as in 
Theorem 15.11 and we apply Proposition II. 2f b) when possible. Namely, we set 

E2 ■■= {/ e h^{T) : Af e /i2"+^(T)}, 

equipped with the graph norm || • II2 := \\A ■ Hh^^+zJ + || • ||/i2m+/3, 

E,^ (/i^(T),/i2"+^'(T))„ = h°'(T) 

E,+„:= (/i2"+^(T),i?2),; 

notice that, a priori, we cannot conclude coincides with a little-Holder space 

without a proper characterization of i?2. However, by uniform ellipticity of A, 
with coefficients bk in /i"(T), we know that A G ■H(/i2"+"(T), /i"(T)), by The- 
orem 14.41 again. Meanwhile, by the remark following Theorem 15.11 we see that 
A € H{Ei+ri; h°'{T)). Hence, we can find uj > sufficiently large so that 

{LJ + A)e A,o,„(/l2'"+"(T), h^{T)) n C,so,n{El+r„h''{T)). 

However, it follows that (w -I- Ay^ o (u; + A) : ft,2"+"(T) -> Ei+r, is an isometric 
isomorphism, by commutativity. So, ft,^'"+"(T) and coincide, up to equiva- 

lent norms, and it follows that (Eo(J), Ei(J)) is a pair of (continuous) maximal 
regularity for A, by Theorem 15.11 which demonstrates the claim. □ 

6. Vector- Valued Setting 

For the remainder of the paper, let E = {E, | • |) denote an arbitrary (non-trivial) 
Banach space over C. Again, consider the inhomogeneous problem (jO.ip with pe- 
riodicity enforced. However, suppose that one is given vector-valued functions. 
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UQ,f{t,-) : T — > i?, and operator-valued coefficients, 6fe : T — > C{E). It turns out 
that, with only minor modifications and appropriate alterations to definitions, the 
preceding results continue to hold in this more general setting. In this section, we 
highlight the necessary changes to the preceding theory and state results in this 
vector-valued setting. 

6.1. Vector- Valued Function Spaces. Following common conventions, we de- 
note by C(T, i?), C^(T, E), and /i^(T, E), the classes of regular £'- valued functions 
analogous to the scalar- valued cases defined in Section II. 1[ the definitions of which 
remain essentially unchanged. Moreover, one will note that Proposition ll.2l is a sim- 
plified version of [20, Proposition 0.2.1 and Theorem 1.2.17], which were already 
stated in the vector-valued setting, so there is no trouble in getting these same 
results for .E- valued functions. In order to give an adequate definition of i?- valued 
Besov spaces, however, one will need the concept of vector-valued distributions. 

Taking 2?(T) to be the smooth C-valued functions over T, as before, we define 
the space of £;-valued distributions V'{T, E) := £(2?(T), and we equip I?'(T, E) 
with the weak-star topology over ViT). One can see that the same definitions of 
Fourier coefficients and results on Fourier series representations continue to hold, 
c.f. [9j. In particular, one can see that, for every / € I?'(T, E), it holds that 

/ = ^ efe (g) f{k) (convergence in !?'(¥, E)), 

where G 2?(T) has the same definition as before and ek®y denotes the function 
[x I— >■ e^^^y] : T — > for y € i? given. Then, we define the i?- valued periodic Besov 
spaces Bp ,j(T,i?) as before, by making use of collections of dyadic decompositions 
<I>(IR), and we derive analogous results to those discussed in the scalar setting. 

6.2. Operator- Valued Fourier Multipliers. Now, with vector-valued Besov 
spaces established, we consider Fourier multiplier results in this setting. As dis- 
cussed in [9], the Fourier type of the underlying Banach space E will affect the 
statement of the Fourier multiplier result. To be clear, we are given a sequence 
{Mk)j, C C{E) and consider the associated (formal) operator 

T : 5^ efe ® f{k) ^ ^ efe Mkf{k). 

The following multiplier theorem will work for the general case where i5 is a Banach 
space with arbitrary Fourier type. We note that Lemma 12.21 does not hold in this 
general case. 

Theorem 6.1. Let r, s G M+ and 1 < p, g < oo. Suppose that {Mk)k& C C(E) is 
a sequence such that 

si := sup |/cr"'||A4|| < oo, 
/cez\{o} 

52 sup \k\'-'+^\\Mk+i-Mk\\<^, (a,^ 
fcez\{o} ^ > 

53 sup \kr'+^\\Mk+i - 2Mk + Mk-i\\ < oo. 

fe6Z\{0} 
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Then the Fourier multiplier with symbol {Mk)kei is a continuous mapping from 
Bl,j{T,E) toB^^y{T,E), namely 



T 



Y,^k® f{k) ^ ^ efc ® Mkf{k) 



A proof of Theorem 16.11 follows from [191 Theorem 2.2.1], by restating the proof 
in the i^-valued setting. On the other hand, if we find that the Fourier type of E is 
in the interval (1,2], then Lemma [2^ is known to hold and we have the analogous 
statement to Theorem l2.1l without the necessity of checking the term S3. Note that 
this sharper case includes the situation E a Hilbert space, where the Fourier type 
is exactly 2. 

6.3. Ellipticity With Operator- Valued Coefficients. Now, fix a collection 
{bk '■ k — 0,...,2m} C ft."(T, £(£')) of operator-valued coefficient functions and 
consider the differential operator A, acting on /i^™+"(T, i?), defined by 

2m 2m 

Au{x) -.^ A{x,D)u{x) ■.^J2^k{x){D''u){x)^^i''bk{x)u(''\x), xeT. 

k=Q k=0 

By the embedding property Proposition ll .2f a) and the regularity assumptions on bk 
and M, it follows immediately that A maps /i^™+"(T) into /i"(T). Now, denote by 
aA : T X R C{E) the principal symbol of A, defined by aA{x,S) := C^™62m(a;)- 
We say that ^ is a normally elliptic operator on T if there exist constants ci > 1 
and 9 e {tt/2, tt) so that the properties 

p{-aA{x, 0) D {z e C : I arg z| < 61} U {0} 

(l + |A|)||(A + a^(a;,e))-^|| <ci, A G Ee, ^^'^^ 

hold for all a; € T and |^| = 1. This definition coincides with the definition of 
normally elliptic operators presented in jH Section 3] and one will note that this 
definition generalizes the notion of uniform ellipticity, as in p.ip . Moreover, as 
mentioned by Amann in (4j, in the case that E is finite-dimensional, this definition 
of normal ellipticity is equivalent to the condition that there exist < r < R such 
that 

cr{aA{x,^)) C {z e C : Rez > r} n {z e C : \z\ < R}, for x G T, |^| = 1. 

Tfieorem 6.2. Let E be a Banach space, m S N, a e K+ \ Z and consider the 
differential operator Ah '■— b D^™ with constant coefficient b S C(E). If Ah is 
normally elliptic, with constant ci > 0, and C2> ci > Q is chosen so that \\b\\ < Ci, 
then —Ah generates a (strongly continuous) analytic semigroup on h°'{T,E) with 
domain /i^'"+"(T, i?). Moreover, for any uj > 0, there exists k = K{uj,ci,C2,m) 
such that 

Ah e •H(/i2™+",/i",K(a;,ci,C2,m),w). 

Proof. The proof of this result follows the same method used to prove Theorem l3.1[ 
however, in this vector-valued setting, we must derive bounds for the term S3 before 
applying our Fourier multiplier result, Theorem 16.11 in this case. Fix a G M+ \ Z, 
w > and b S ^{E) as indicated. Notice that —Ah is now associated with the 
operator-valued multiplier symbol {Mk)j. := (— C C{E). Now, we can make 
formally identical claims to those stated in the scalar- valued setting. 
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Claim 1: (A + A) e C,somih^'''+"{T, E),h"(T, E)) for ReX > uj, i.e. 

p{-Ab) D {A e C : ReX > uj}. 

Moreover, the set {\\{X + Ab)^^\\c(h''.h^'^+°) ■ ReX > lu} is uniformly bounded by 
some Ml — Mi{uj,ci,C2,rn) < oo. 

Let A be fixed with ReA > w. Tiie fact tliat A G £(C2™+'^(T), C""(T)) follows 
in the same way as the scalar case with || A + A|| < (c(o')|A| +C2). Now consider the 
symbol (^Mk{X)j (j^X + fc^™6)~^^ , where the condition of normal ellipticity 

guarantees that ReA > is sufficient to see that A G p{a-Ab{x,(,)). Moreover, in 
the constant coefficient case, it follows that a-Ab{x,£,) = b for |^| = 1. Now, the 
second condition of normal ellipticity, (16. 2p . gives adequate flexibility to see that 
-^T^ G p{b) and we conclude that Mfe(A) G C{E) is well-defined, for fc G Z. Further, 
notice that 



Mfe(A) := (A + fc^™^) 



-2m 



A 



and we make use of the second expression in verifying the conditions of the Fourier 
multiplier theorem. 

Using the resolvent bounds given in the normal ellipticity definition, we see that, 
concerning the symbol ^Mfc(A)^ , we have 



/C1C2 
V UJ 



Si < Cl < 00, S2 < [ — V C2 ) sup . 

fcez\{-i} V 
Meanwhile, notice that, for A; 7^ ±1, 

|^|2m+2 II _,. (fc ^ _ 2(A -|- ^"'b)-^ 



f\k\\{k + l 



i2m 



„2m\ 



< 



X 



(fc- 



2^2m 
IfcP 



+ b 



X 



+ b 



-A((fc 



(A + (fc-l)-ife)-i 
-1 

+ b' 



< 00. 



X 



\2m 



(fc - 1)2™ 
2/c2" + (fc 



\2m\ 



I ((fc + l)2™(/c2" _ (yfc _ l)2m) _^ _ l)2m^^^ _ 



+ 1)2™ _ /,2m)^ ^: 



< 



C1C2 



|A|+C2)/Ci(fc) < C3c2(l-|-C2)/Ci(fc), 



(1 + |A|)3 

where /Ci is a bounded function in k. Similarly, in case k — ±1, we see that 
II (A)-i - 2(A + + (A + 22"6)-i|| < 22"c2c2(l + C2). 

Hence, it follows that S3 < 00, and bounded by terms which only depend upon 
a;,m,ci, and C2 and we can apply Theorem 16.11 to prove the claim. We again see 
that the operator i?(A) associated with the symbol ^Affe(A)^ coincides with the 
inverse of (A -I- A)- 

Claim 2: A(A + Ab)^^ G £(/i"(T,i?)) for ReX> uj, and there is an upper bound 
M2 = M2{uj,ci,C2,m) < 00 for the set {|A|||(A A)"^||£(ft=) : ReX > uj} . 

This claim is verified by applying the same techniques as above to the symbol 
(A(A fc2™&)-i)^. Working through the details, one verifies that the Si terms, 
i — 1,2,3, are bounded exactly the same as in Claim 1 above. Hence, the desired 
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result holds, and the proof of the theorem proceeds exactly as in the scalar-valued 
setting. 

□ 

6.4. Semigroup Generation and Maximal Regularity. We conclude the pa- 
per with statements of our main results in the setting of vector-valued functions. 
Their proofs are obtained by direct application of the methods employed in the 
scalar-valued setting, with only minor changes of notation and definitions, which 
have already been addressed in the preceding parts of this section. 

Theorem 6.3. Let E be a Banach space, m e N, a e M+\Z, bk e /i"(T, C{E)), for 
k = 0, . . . , 2m, and suppose the operator A := A{-, D) X)fc=o ^k{')D^ is normally 
elliptic. Then 

Aen{h^"'+"{T,E),h''{T, E)). 

Now, fix /i G (0, 1] and define the spaces 

¥.o{J) -.^ BUCi-^{J,h°'{T,E)), ae]R+\Z 

Ei(J) := BUCl_^{J, /i"(T, E)) D BUCx^^{J, h^^'+^iJ, E)). 

Then we get the maximal regularity result. 

Theorem 6.4. Fix a Banach space E, a e R+\Z, to G N, ^ G (0, 1] and J = [0, T], 
for T > arbitrary. Suppose the operator A :— A{-,D) — J2k<2m^k{')D'' , with 
coefficients bk G h"{T,C{E)) is normally elliptic, as in ()6.2|) . Then 

(^^ + A 7) G Asom (IEl( J), lEo(^) X 7E1). 

In particular, given any pair (/, uq) G BUC J, h"{T,E)) x 7E1, there exists a 
unique solution u G BUCl_^{J,h°'{T, E)) H BUCi-f,{J,h'^"'+"{T, E)) to the inho- 
mogeneous Cauchy problem (|0.ip on J . 
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